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Abstract

In this paper, we present two number-theoretic functions £’ and G for which p,. F' (n) —pr—1G (n)
is both positive and negative infinitely often, where n has at least k distinct prime factors (k > 1)
and (pr—1,pr) is a couple of two consecutive primes. To be precise, we will construct infinite
sequences (1), , (Mmq),~, such that,

F(ni) _ pr—1 _ F(my)
Gn) ~ pr ~ G(m)

where each n; and m; has k distinct prime factors and F'(¢) and G (t) are either the Kernel or
the Euler’s function of the positive integer ¢.

,fori=1,2,...,

Keywords: arithmetic functions; changes sign infinitely often; prime numbers; nonstandard
analysis.


https://mjms.upm.edu.my
https://orcid.org/0000-0001-6086-4845
https://orcid.org/0000-0003-3490-7287

D. Bellaouar and A. Boudaoud Malaysian J. Math. Sci. 19(2): 571-594(2025) 571 - 594

1 Introduction

Let v (n) and ¢ (n) be the Kernel and the Euler’s function of the positive integer n, respectively.
ayl az

Recall that if n has the prime factorization n = ¢ ¢5* . . . ¢.* with distinct primes ¢i, g2, . . . , ¢ and
positive, integers a1, as, . . ., ay, then,

y(n)=aq1q2 - qr,

and

pm) =g @ -1 (@-1. g (@ —1).

There are many questions in the literature dealing with diophantine equations and inequalities in-
volving number-theoretic functions as well as the Euler’s function and other multiplicative func-
tions. For example, in [9, p. 99], Erdos asked to prove that ¢ (n) > ¢ (n — ¢ (n)) for almost all
n, but that ¢ (n) < ¢ (n — ¢ (n)) for infinitely many n. That is, ¢ (n) — ¢ (n — ¢ (n)) may change
signinfinitely often. Also, there are many papers on infinitely many signchanges. For example,
it is shown that o (¢ (n)) — ¢ (0 (n)) is positive and negative infinitely often, see also [9, p. 99],
where ¢ (n) computes the sum of the positive divisors of n.

Let m and a be relatively prime positive integers. We denote by 7 (z; m, a) the number of prime
numbers p < z such that p = a(mod m). In the case m = 4, Littlewood [10, 14] proved that
m(x,4,1) — 7(x,4,3) changes sign infinitely often. Further, in view of the papers [2, 3], signifi-
cant works have been done on the sign changes of the Liouville function on quadratics and sign
changes in sums of the Liouville function, respectively. Indeed, the authors proved that the binary
sequence {\ (an® +bn+c)} ., witha € Nand b,c € Z is either constant or it changes sign in-
finitely often, where A is a fixed integer depending only on a, b and ¢, and \ denotes the Liouville
function.

Recently, Rishabh and Chakraborty [1] studied similar problems on the sign changes of certain
arithmetical functions at prime powers. In the same context, consider the difference,

F(n)—a-G(n),n>1, (1)

where F', G are two number-theoretic functions and a € R is understood as a parameter. Through-
out this paper, & = a (1) = p,—_1/p,, where p, denotes the r-th prime number. Our purpose in this
paper is to provide an improvement on a recent result [7] of the first author regarding whether (1)
changes sign infinitely often or not. The primary goal of this work is summarized in the following
two points. Indeed, we give a rational approximation to the parameter . In the papers [7, 11],
the authors studied the application of nonstandard analysis in the field arithmetic functions by
interpreting large as unlimited (infinite, nonstandard) and close to as having a limited (finite, stan-
dard) difference. In the present work, we will apply some ideas from these papers where we use
positive integers having unlimited number of distinct prime factors or unlimited prime powers,
i.e., unlimited positive integers power of a single prime number.

Let n € N. We denote by w(n) the number of distinct prime factors of n. For any k € N, define
the subset W}, by,

Wi={neN: wn)>k}.

That is, W, consists of all positive integers n whose number of distinct prime factors is larger than
or equal to k. In the present paper, we shall continue the research from [7]. In fact, let p, be the
r-th prime number and let &« = p,_1/p,. Let F, G be two arithmetic functions formed by  and
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. Throughout our discussion, we will mostly deal with the sign changes of p,.F' (n) — p,—1G (n),
where n € W},. More precisely, we will prove that there are infinitely many n € W;, for which,

prE (n) > praG(n), (2)
and also there are infinitely many m € W), for which,

prF (m) < pr—1G (m). (3)
Or, equivalently, we will construct two infinite sequences {n;},>, , {m:},~, C Wi such that,

F(ng) _pr—1 _ F(my) .
> > ,fori=1,2,....
G(ni) = pr  G(mi)

Thus, as a continuation of our works [7, 8], we confine the number p,_1/p, from the right and
from the left by an infinity of rational numbers for each. Moreover, in this paper we will study
possibilities for proving (2) and (3) infinitely often over some infinite subsets of W},.

The following section describes some important definitions and theorems that are needed
throughout this paper.

2 Basic Tools and Preliminaries

Throughout thiswork, 2 = p; < ps < ... < p, < ... willdenote the successive prime numbers.
The sequence ¢; < g2 < ... < gn < ... denotes an arbitrary sequence of primes. We also denote
by d,,—1 the gap between p,, and p,,_; for n > 2. That is,

dnfl =Pn — Pn-—1- <4>
Note that the Prime Number Theorem (PNT) is equivalent to p,, ~ nlogn, and hence,

lim — = +o0. (5)

Then for every k > 1, we can choose two positive integers r, s with » > 2 such that,

1
pk<(1+§’“1)5. 7)

r—1
For example, assume that k£ = 5216954. It is enough to choose,
Dr—1 = 49445926814519393317172147,
where

pr = 49445926 814519 393317172203.
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We see that d,_; = p, — p,_1 = 56. Thus, for s = 3, we obtain,

Pro1 ) B ( . 49445926814519393317172147)é

= 1
Dk 89999999<< +d’r'—1 56

= 90000000.59.

Next, we state the explicit formula of the Jordan generalization of Euler’s function in terms of
the standard factorization of n [17, p. 194]. That is, the multiplicative function,

sﬁs(n)=n5H<

pln

1
1—p3)7 (1) =1, (8)

where 1 = ¢. Moreover, @, (n) is even for every n > 2. Recall that for any m,n € N, we have,

@ (mn) = “p(m)p(n), 9)

where d = (m, n). We also note that if n is divisible by m, then ¢ (n) is divisible by ¢ (m). Further,
we will use the subset A,. ; defined for any r, s € N by,

Ars={neN :p.os(n) > p._1n’}. (10)

We recall Dirichlet’s Theorem, Bertrand’s Theorem and a result on good primes, which will be
applied in our proofs.

Theorem 2.1 (Theorem of Dirichlet about primes, [15, p. 347]). If a and b are relatively prime integers
with a > 1, then the sequence an + b includes infinitely many primes.

Theorem 2.2 (Theorem of Bertrand [21, p. 24]). For any n € N, there exists a prime number
p € [n,2n].

Recall that Erdos and Strauss call a prime p,, good if p2 > p;,—ip,+i for all values of i from 1 to
n — 1, see [20, p. 119]. The sequence of good primes starts with 5,11,17,29,.... In this context,
we need to use the following result:

Theorem 2.3 ([9, p. 32]). There are infinitely many good primes.

Also, we will use the following notation:

Notation 2.1. Let n be a positive integer, and let F' : N — R be a number-theoretic function.

e For every positive integer N, we denote by FN the arithmetic function given by FN (n) = (F(n))V.

o We write p® || n if p® is the largest power of p that divides the integer n, that is, p®divides n but p®+!
does not divide n.

Now, we explain the nonstandard settings [4, 6] and notations used in this paper. The study of
small quantities was first established by Leibniz, the first mathematician to attempt to articulate
clearly the concept of small quantities, also known as infinitesimal numbers. Robinson developed
the notion of infinitesimal in his book [19] on Nonstandard Analysis. Another presentation of the
nonstandard analysis [12], called IST (Internal Set Theory), introduced by Edward Nelson in 1977

574



D. Bellaouar and A. Boudaoud Malaysian ]. Math. Sci. 19(2): 571-594(2025) 571 - 594

[16] which was based on ZFC to which is added a new unary predicate called "standard". This
predicate gave us the following three axioms: Transfer principle, Idealization principle and Standard-
ization principle.

Recall that any real number used in a classical way is necessarily standard. Thus, 0, 1,...,
10000 7 ..., 1/e are standard. But not all real numbers are standard.

Definition 2.1 ([5]). Let x be a real number.

1. x is said to be limited if there exists a standard n € N such that |z| < n.

2. x is said to be unlimited, or infinitely large, if x is not limited. That is, |x| > n for every standard
n € N* which we denote by x ~ +o0.

3. x is said to be infinitesimal, or infinitely small, if |x| < 1/n for every standard n € N*, in which case
we write v ~ 0.

4. xis is said to be appreciable if x is limited but not infinitesimal.

Recall that N denotes the set of all limited positive integers. We denote by ¢ and £ for an
arbitrary infinitesimal real number and an arbitrary limited real number, respectively. For details,
see [5, p. 3]. Clearly, if w is unlimited, then 1/w is infinitesimal. The converse is true, namely if ¢
is infinitesimal then, 1/¢ is unlimited. Further, we have the following facts:

e a € Z is limited if and only if @ is standard.
e If x is limited and y is unlimited and positive, then z < y.

o If ¢ is infinitesimal and « is appreciable, then ¢ < |a|. Thus, zero is the only standard in-
finitesimal real number.

Note that any formula in the language ZFC is called internal. However, a formula of the non-
standard language IST which deals the new predicate standard is called external. The formulas:
[z <e=x<2¢,[0,400) C Rand ¢ # 0 are internal because the symbols <, 2,¢,0, 400, C R, #
are definable in the language ZFC. Examples of external formulas are the formulas: p € N is prime
and p ~ +00, z =~ +00 = 2% ~ +00,¢ ~ 0 and Va € R (a is limited # «a is appreciable).

Note that external sets are outside IST, however, a complimentary axiomatic is given in [12].
We conclude that {z € R; |z| < e}, {p € N;pis prime and p > 1/¢} are internal whereas the two
sets {z € R;x ~ 0} and {p € N;p is prime and p ~ 400} are external. Observe that a set defined
by means of an external formula is not necessarily external because sometimes an external formula
is equivalent to an internal formula. For example, in [5], it is shown that the set
{z € R: z is standard and = ~ 0} which is equal to 0, is both internal and standard.

We recognize that in nonstandard literature we find several points of view to define an external
set [12, 18] and this reflects the problematic posed by this notion. In this article, we opt for the
following definition.

The following theorems are important for the proof of our results.
Theorem 2.4 (Cauchy’s principle [5, p. 19]). No external set is internal.

Theorem 2.5 ([4, p. 16]). Let (uy,),,~, be a standard sequence of elements of R. Then, (uy,),,~, converges
to 1 if and only if u,, ~ [ for all unlimited n. -
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As a consequence of the PNT in the form p,, ~ nlogn, Cauchy’s principle and Theorem 2.5 is
given in the following example.

Example 2.1. Let n be unlimited. By using the PNT and Theorem 2.5, py, /pn—1 = 1 + ¢, where ¢, is

1
infinitesimal positive. Thus, for every limited prime number q, we have 1 + — > 1 + ¢,. It follows from
q

Cauchy’s principle that there exists an unlimited prime number q such that 1/q > é,,. Then,
q < [1/¢n] =~ +oo where the expression [x] represents the integer part of .

In another example, we show that if w is an unlimited positive integer, then there exists an
unlimited prime number p such that p < w.

Example 2.2. Let w be an unlimited positive integer, and consider the internal set L = {n € N ; p,, < w}.
Since the sequence (py),,~, of prime numbers is standard, L contains all the standard integers. Then by
Cauchy’s principle, L contains an unlimited positive integer v. Hence, p,, < w. Since the sequence (py,),,~,
is increasing, we conclude that p,, is unlimited. B

Note that the use of positive integers having sufficiently large number of distinct prime factors
was made precise in the framework of nonstandard analysis by interpreting "sufficiently" large as
unlimited. Let us define two infinite subsets of positive integers that we shall use at the end of
Section 3 and Section 4.

Definition 2.2. Let W, be the subset of N given by,
Wo ={neN:w((n)~+oo}.

That is, W o has only unlimited positive integers n, where its number of distinct prime factors is also
unlimited. Let W, C W o denotes the set of all unlimited positive integers n satisfying the following two
conditions:

1. w(n) ~ +oo,

2. Any divisor d of n with d # 1 is unlimited. That is, any proper divisor of n is unlimited.

Thus, W has only odd numbers. Also, for any limited k& > 1, we see that,
i C W CWeoo CWi C Wiy C ... C Wi =Ny,
where Wy, & W.

Letn = ¢7'¢5? ... q%, where q1, qo, . . ., ¢s are distinct primes and a1, as, ..., a5 € N are posi-
tive. We have,

e n € Wy if and only if s ~ +oo.

e neWyifandonlyif s ~ 4ooand ¢; >~ +oofori =1,2,...,s.

It is clear that if a Diophantine inequality has infinitely many solutions on the set W}, it may
not necessarily have infinitely many solutions on the set W11, and so on. For example in [7],
under the condition (7), it is proved that p,¢,(n) — p,_1n® has infinitely many sign changes on the
set W},. But, it does not follow directly that the same expression has infinitely many sign changes
on the subsets W ., W. These questions and other similar questions are addressed in this work.
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This manuscript is organized in the following way: In Section 2, we introduce some basic facts
and notations that will appear in the proof of our results. In Section 3, we will prove that p, v~ (n)—
pr—17Y (n + 1) has infinitely many sign changes, where n belongs to a certain infinite subset of
Wi. In the proof, we will use Dirichlet’s Theorem about primes in arithmetic progressions and
Bertrand’s Theorem. In the framework of internal set theory, the same expression will be studied
using infinite external subsets. Finally, in Section 4, we take a look at the corresponding question
for prps (n) — pr—1 n®, where s > 1.

We are also concerned with the set A, ; given in (10). For example, in Theorem 4.1, we show
that there are infinitely many n € W, such that n € A, ;. In the case when r is unlimited and s is
limited, we prove the existence of a multiply perfect number N with N ¢ A, ;. Moreover, under
some conditions, we are able to show that p, 5 (n) —p,_1 n° changes sign infinitely often on the set
Wso. The method of proof involves some results in elementary number theory and nonstandard
analysis as well as the Prime Number Theorem and Cauchy’s Principle for showing that if r is
unlimited and s is limited, then p,¢; (n) < p,—1n° holds for infinitely many n € W.

3 Sign Changes Using the Kernel of Positive Integers

Let [, N,r € N with » > 2. Throughout this section, for any n > 1, we study the sign changes
for v (n) and vV (n + ). Note that p,vY (n) > p,—1 " (n + 1) does not guarantee that we have
1

pry(n) > pr_17v(n+1),since ¥V (n) > v (n) and Brot o (1%1) N Thus, the fact that

T p’f'
Py (n) — pr—19Y (n + 1) changes sign infinitely often does not follow from the fact that
pry(n)—pr—1v(n+1) changes sign infinitely often. In addition, for some infinite subsets of positive
integers U,V with U NV = (), we may derive the existence two infinite increasing sequences (n;)
and (m;) such that p,y™ (n;) > pr—1 7™ (n; +1) and p,AN (mi) < pr—1y™ (my +1) fori > 1.

We first deal with the inequality p, v~ (n) > p,_1 9" (n + [), where n is square-free.

Proposition 3.1. Let [, k, N > 1. There exists an infinite subset W of Wy, which has the property: for each
n € W, one has,

ey (n) > pr_1 YN (n 1), if nis square-free,
ey (n) < pr-1 ’YN(TL +1), otherwise.

For the proof we need the following lemma. First, let C%; be the binomial coefficients,

C: ok for 0 N
= — << N.
NTOW o T Ete
Lemma 3.1. Let d,_1 be given by (4). Let (q1, 4o, - - ., qx) be a k-tuple of distinct primes such that,
and
(1q2---ar, 1) =1, (12)

where l,k, N > 1. Then,

N

Cyl dyr_
N - < r—1
i—1 (q1QQ R qk) Pr—1

i
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fori=1,2,... N.

Proof. From Bertrand’s Theorem, pr: > 1. Hence, by (11), we have,
(rqz - qu) > 1 (2N —1) Z:j ,for every i > 1,
and so,
Chl ( ! dr‘l) Cy. (13)
(g2 --qu)  \2V —=1pr

N
On the other hand, since Y C% = 2%, it follows, from (13) that,

i=0
N .
o Cl
- C’Jl\flZ z; N drfl _ drfl (14)
~ (qga...qr) 2N —1prr pro1
As required. -

Proof of Proposition 3.1. Let W' = {q1q2 ... g} be the set which contains one element ¢1¢2 . .. gk,
where ¢1, g2, . . ., g are distinct primes as in (11) and (12), and define,

W"={teN: qig>...qit+1isprime }.

It follows from Theorem 2.1 that W” is infinite. Let W = W’'W", where the product set W'W"
consists of all elements ab with a = ¢1¢2 . .. g and b € W”. Clearly, W is an infinite subset of .

Now, letn; = qiqa...qpt € W,ie., t € W”. We see that,

Wocr) e (ne )Y
Y

YN (nt) B YN (nt) (nt)
where
Ciny ' o
o HOm _< e )Nicw
" YN (ne) 7 (ne) i1 ng
Therefore,
N o
N 1+ Z Nz , if n; is square-free,
L T (15)
N
7 () H pNe=Y 4o otherwise.
p?||na>1
From Lemma 3.1 and since n; > ¢14s . . . gx, We obtain,
Cl Cil dy_
I (6)

- U i—1 (rgz---qr)"  Pr—1
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In the case when n, is square-free, by (15) and (16), we have,

C: -
gl Tt 1+z yl <1+z <
e (9192 - Q) Pr—1

and in the case when n; is not square-free, by (15) and Bertrand’s Theorem we also have,

N
7Y (e +10) N(a—1) pr
= P +en, 22+, > .
Ao AL P
a>1
The proof is finished. O

Remark 3.1. In view of the proof of Proposition 3.1, we can not deduce that p,vN (n) — p.—1 v~ (n +1)
changes sign infinitely often on the set W = W'W". Of course, at least one of the inequalities

pryN(n) > pr_1 YN (n + 1) and p.yN (n) < pr—1vN (n + 1) holds infinitely often. In fact, it is an open
question as to whether there are infinitely many primes of the form q1qs . . . qi t + 1 such that t is square-free.
Also, it is not known whether there are infinitely many primes of the same form such that t is not square-free.

Using a similar reasoning as in Proposition 3.1 and the fact that the set of all k-tuples (¢1, g2, - - -, g)
satisfying (11) is infinite, we can prove the following result:

Theorem 3.1. Let p, be the r-th prime number with r > 2 and let k,1; N > 1. Then,
prYN (n) — pr—1 YN (n + 1) has infinitely many sign changes on the set Wi,.
Proof. We prove that each of the inequalities,

PN () >proiyN(n+1) and pyN(n) <prayN(n+1),

holds for infinitely many n € W},.. We show the first inequality by using the fact that the set of k-
tuples satisfying (11) is infinite. Let (g1, g2, - - ., gx) be a k-tuple of distinct primes satisfying (11).
We put ¢i, = p;,, where p;, is the ip-th prime number, and define n, for any s > 0 by,

Ns = 4192 - - - kPio+1 - - - Pip+s> (17)
which is square-free. Moreover, we see that n, € Wj,. Since,
Vg +1) Sny+1 and A(n,) =y = qige-- i,
we have by Lemma 3.1,

(ns + Z)N
nl

'YN (ns + l)
YN (ns)

< (18)

N o

E IC}Vni\"ZlZ

iz
=l

S
N .
cyl
:1+Z nt
i=1 s
N .
Cyl* dy_
§1+Z N i<pT:1+T1-
— (192 ---ar) Pr—1 Pr—1

(19)
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Note that the prime numbers ¢, ¢z, . . ., ¢x satisfy (11), and so the right-hand side of (19) holds.
Combining (18) and (19), we obtain,

7N (ns + l) Dr
YN (ns) Pr-1

The desired inequality is proved.

We next show the second inequality. Let (g1, ¢, - . ., ¢ ) be a k -tuple of distinct primes satisfy-
ing (12). By Theorem 2.1, there are infinitely many primes of the form ¢?¢3...q2t + . Let p be
a prime of this form, and set n; = p — I = ¢3¢3 ... q>t which is an element of W}, (i.e., there are
infinitely many such numbers). Therefore,

YN (1) (e + DN

= 20
W) A () 20
N % =7
YN (ne) im1 YN (1)
N . .
" S Oyl
— t 1+ i=1
N (nt) ny
N
nt ¢
> > . 21
T (w) = ) 2
Now, it suffices to prove that,
T > t
() q142 - - - qQk D)
Suppose we have t = a.b such that,
a=q"q3*...q% 0, >0, fori=1,2,...k,
and
b=15152 .. 1% 8, >0, forj=1,2,...,s,
where [,1ls, ..., are distinct primes satisfying I; ¢ {¢i,q2,...,qx}, for j = 1,2,...,s. Since
v (b) <v(t) <tand (a,b) =1, it follows from Bertrand’s Theorem that,
2.2 2
¢ 4193 - - - Qi t i t Dr
= =qiq2.. . Qk —— > q1Q2 .. .G —— > 2 > . 22
yne) (@ gt T 0 T () Pr1 @)
Combining (20), (21) and (22), we get,
’YN (nt + l) Dr
N > .
Y (nt) Pr—1
Thus, the desired inequality holds infinitely often. This completes the proof. O

Now, we prove the existence of an infinite proper subset of W}, for which p, v (n)—p,—1 v~ (n +1)
changes sign infinitely often. Let A;(c) and B(c) be the subsets of N given by,

Affe)={neN : 2" |n+1,2°/nand 2°tn + 1},

and B(c) = {neN :2°7! | n,2°fnand 2° f n + {}.
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Theorem 3.2. Let ¢, k, 1, N,r be positive integers with ¢,r > 2. If k > 3 and [ is odd, then,
1. Wi N Ay(c), Wi N By(c) are infinite.

2. peyN (n) — pr—1 YN (n + 1) has infinitely many sign changes on the set Wy, N (A;(c) U By(c)).

Proof. We prove the theorem as follows:

1. We show that W}, N A;(c) is infinite. Let s be integer with s > k. Since,
(2°,1)=1, (22°°'+1)=1 and (2°0) =1,

by Theorem 2.1, there exists an s-tuple of distinct primes (g1, g2, ..., ¢s) such thatgi, g2, . . ., gs—2
are all of the form 2t + 1, ¢,_; is of the form 2¢t + 2~ 4+ 1 and ¢, is of the form 2°¢ — |,
respectively. We set,
Qg2 gs—2 =21+ 1,
qs_1 =271 41,
gs = 2c—1t// _ l,
for some positive integers ¢,¢', ¢ with ¢,¢” are even and ¢’ is odd. It follows that,
NG Go—2qs—1qs = (27t +1) 27 +1) (21" =)
=207 (¢ 2o e 20 Y 20 — 20 e — tl —#]) —
=271 1,

where b =t (14 2¢7 ¢ 4 2671/ +2¢72t¢’) — I (t + ¢/ + 2¢7'#t’) is odd. Define the square-
free numbers,

Ne=qiq2...qs =2 b —1, (23)

for some odd b > 1 with s > k. We see that there are infinitely many s such that n, € Wy,
2¢~1 divides n, + [ and 2¢ does not divide neither ns nor ng + 1.

2. We show that W, N B;(c) is infinite. Let (2, ¢q, ..., qx) be a k-tuple of distinct primes such
that (2¢2 . .. g, 1) = 1. We can easily prove that,

(26q2...qk,Qc_1q2...q;€—|—l) =1. (24)

In fact, assume that (2Cq2 e, 27 g + Z) = d > 1. Note that d can not be even
because d divides 2°~1¢s . .. g, + | which is odd. Hence, d is divisible by at least one prime
qi, for some ig € {2, ..., k}, and therefore,

qi, | 26 Lgs g + L.

That is, ¢;, divides | which is impossible since (¢2¢s . .. gx,!) = 1. This proves (24). Thus,
there exist infinitely many primes of the form,

2 ... qut + 2" Lgo . g + L.
On the other hand, we see that,
2t +2 g F I =2t g (2 1) L. (25)

This means that there exist infinitely many primes of the form 27 1gs ... gt + [, where ¢ is
odd. For each such integer ¢, let n; = 2" !¢y ... qx t. Hence, n; € Wy, 27! divides n; and 2¢
does not divide neither n; nor n; + I.
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3. We prove the inequality p,v" (n) > p,_17" (n + 1) for infinitely many n € Wy N A4;(c). In
fact, let (¢1,¢2,--.,qs) be a s-tuple of distinct primes satisfying both (11) and (23). That

1) Pr—1

is, q1g2 . . . gs is strictly larger than [ (2N -5 and q1¢2 ... ¢, is of the form 2¢7'b — |,
1

where b is odd and s > k. Taking ns = ¢1g2 . ..¢s which is an element of Wj, N A;(c), the
result we must prove follows immediately by applying the inequalities stated in the first
part of the proof of Theorem 3.1. Indeed, n; is square-free as in (17), and so the inequality
Py (ns) > pr—17Y (ns + 1) comes from (18) and (19).

4. We prove the inequality p,v" (n) < p,—1¥" (n + 1) for infinitely many n € W), N B(c). Let
(2,92, --.,qx) be a k-tuple of distinct primes satisfying (12). By the same method used in
the proof of (24), we have,

(Qng 27N g l) =1,
from which it follows that there are infinitely many primes of the form,
2 g2 Lt + 1,

where tisodd. Weletn, = 2°71¢3 ... ¢it which is an element of W;NA;(c). By applying (20),
(21) and (22) for n; = 2°71¢3 ... g2t we obtain the inequality p,v" (n:) < pr—17" (n¢ +1).

Hence, by the above, p,v" (n +1) — p,—1 7" (n) has infinitely many sign changes on the set
(Wi N Ai(c)) U (W, N By(c)). The proof of Theorem 3.2 is now complete. O

Next, we deal with the sign changes of p,v" (n + 1) — p,_1 ¥~ (n) using some infinite external
subsets of W;,. We will start by proving the following proposition.

Theorem 3.3. The sets W o, and W, are external.

Proof. Suppose, by way of contradiction, that W is internal. Since pips...p, ¢ Wx for every
n € N7 (n > 1), by Cauchy’s principle, there exists an unlimited positive integer w such that
P1p2 .- Pw & Weo. This is a contradiction since pips . . . p, having w prime factors, and by Defini-
tion 2.2, p1pa ... Pu € Wee.

Similar argument shows that W, is external. Suppose, to the contrary, that W is internal.
Let w be an unlimited integer and let p,, be the w-th prime number which is necessarily unlimited.
Consider the set,

{TL eEN: PwPw+1 - - - Pw+n ¢ Woo}a

which is internal and contains all the standard integers of N. By Cauchy’s principle, this set con-
tains an unlimited positive integer v, that is, p,pu+1 - - - Putr ¢ Woo. This is a contradiction since
DPwPw+1 - - - Pwtr Clearly belongs to W. O

Let us use the external subsets W, and W, to obtain nonclassical results.
Theorem 3.4. Let ¢, k,l,r be positive integers with ¢ > 3 and r > 2. If k > 3 and [ is odd, then
pry (n+1) — pr—1 7 (n) has infinitely many sign changes on the set W, N (A;(c) U Bi(c)).

We need the following lemma.
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Lemma 3.2. Let r > 2. For every ¢ ~ 0,

- dy—
Pro 145 ooy (26)
Pr—1 Pr—1
. . . dr—l . . dr—l
Proof. If r is unlimited, then by (6) ~ 0 from which it follows that 1+ < 2— ¢ for every
Pr—1 Pr—1
r—1

¢ ~ 0. But, if r is limited, then is standard and strictly less than 1 from Bertrand’s Theorem.

Pr—1

In this case, ——% < 1 — ¢ for every ¢ =~ 0; otherwise, =l @' for some ¢’ ~ 0, from which
Pr—1 Pr—1
we get 2 —p,/pr—1 < ¢, ie, pr/pr—1 =~ 2, a contradiction. This proves (26). O

Proof of Theorem 3.4. Let s be an unlimited positive integer. As in the proof of Theorem 3.2, we can
show that p,7 (n + 1) — p,—1 7 (n) is positive and negative for infinitely many
n € Ws N (A;(c) U By(c)), which is a subset of W, N (4;(c) U Bi(c)).

First, let (2, g2, g3, - . . , ¢5) be a s-tuple of distinct primes satisfying (23). Set,
Qg2 qs +1=2""Ng; (2,N;) =1. (27)

For ng = q1qa . . . gs, we have n, € Wy N A;(c). Moreover, we see that,

v(s)  @@...qs 2N, -1 08)
y(ns+1) (g g +1) 27 (N,)
l
2072 - ——, if Ng= ] »,
2y (Ns) plIN.
= I
2672 ] po - ,  otherwise.
p*IIN, 27 (Ny)
a>1

We distinguish two cases:

Case 1: Assume that v (N;) is unlimited. Then,
l

Pe = 2y (Ng) —

If N, is square-free, then by Lemma 3.2 we have,

fY(n.S) :20_2_¢522_¢3> Pr 7

7(”8 +l) Pr—1

and if IV, is not square-free we also have,

7(”5) c—2 a—1 Pr
—— =2 P = s 22— s > :
7(715 +l) al_[ Pr—1

p l];]s

Case 2: Assume that v (Ny) is limited. From (27), it is easy to see that 2! N is unlimited, and
so (28) implies,
y(ns) _2°7'Ng -1

= ~ +00,
(s 1) 2y(Ny)
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since [ is limited. Therefore,

i (ns) Dr
>
Y (ns + l) Pr—1

the later being limited. Thus, we obtain the desired inequality.

Second, as in (24) and (25), we can choose a s-tuple of distinct primes (2, g2, ¢3, . . ., ¢s)
such that the following arithmetic progression:

2" gaqs .. qst +1; t €N,

contains infinitely many primes with ¢ is odd. For each such ¢ set n; = 27 1gaqs3 ... g5 t.
Then n; € W,. Moreover, it is clear that n; € Bj(c) since gaqs . . . ¢s t is odd and n; + [ is
prime. Thus,

’Y(nt) Uz Dr
< < . 29
Tt D Sl <o (29)

This proves the inequality p,y (s + 1) > pr—1 7y (7).
Theorem 3.4 is proved. O

We close this section by proving the following proposition.

Proposition 3.2. Let [, N,r € N with v > 2. If N,r are limited, then p, 1y~ (n+1) — d,_17™ (n)
changes sign infinitely often on the set W .

Before proving Proposition 3.2, we need the following lemma.

Lemma 3.3. Let I, m, k be positive integers and let p be an odd prime number. If | is odd, then 2™ divides
n + 1 for infinitely many n € W), and if | is even, then p™ divides n + [ for infinitely many n € Wi,

Proof. First, assume that [ is odd. For every positive integer s > 2, there exists a s-tuple of distinct
primes (q1, g2, - - . gs) such that ¢; (1 <4 < s—1) is of the form 2™t + 1 and ¢; is of the form 2"t —1.
Therefore, the integer ns = ¢1¢s2 . . . ¢s is of the form 2™¢ —[. This means thatn € Wy and 2™ | n+1.
If I is even, then we repeat the same idea to show that there are infinitely many n € W), such that
p™ divides n + [ by taking primes of the form p™t + 1 and p™t — [, respectively. O

Proof of Proposition 3.2. It suffices to prove the following statements:

I) There are infinitely many n € W, such that p,_17v"Y (n+1) < d,—17" (n). Let s be an

m
unlimited positive integer, and choose an unlimited positive integer m for which N ~ +00.
We distinguish two cases:

Case 1: Assume that [ is odd. By Lemma 3.3, there exist primes (¢;),,, such that 2™
divides qiq2 ... qs + 1. We set qiga ... qs +1 = 2°N,, where (2, Ny)=1land a > m.
Forng = q1q2 . ..qs € W, we have,

y(ns) 29N, —1

v(ns+1)  2y(Ns) (30)
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Since v (N,) < N, and 2% ~ (, it follows from (30) that,

l N
N Ng — —
g (n5> a—1 5 2a a—1 N

—>2 —_— =2 1-— o~ 31
,YN (ns + l) = Ns ( (bl) +00, ( )

where ¢ = A ~0and (1 — qSl)N ~ 1. It follows that,

N
Y (ns) DPr—1
> , 32
YN (ns+1) = dr_1 (32)
. Pr—1 . .
since is appreciable.
r—1

Case 2: Assume that [ is even. By Lemma 3.3, there exist primes (¢;),,., such that 3™
divides ¢} . .. ¢ + 1. Similarly, assume that ¢{ ¢} . . . ¢, +1 = 3° N where (3, N]) = 1
and b > m. For n, = ¢{q5 ... ¢, using (31) and (32) as above,

AN
/ P ——
7 (n}) N3 Pro1

b—1 N
L \s) IR — 1—
YN (nf+1) ~ N S dr—y’

II) There are infinitely many n € W, such that p,_17"™ (n +1) > d,_17" (n). Indeed, let s be
unlimited and let n; = ¢1¢2 . . . ¢st be defined as in the proof of Proposition 3.1, i.e., n, + I is
prime. Therefore,

WN (nt) ( t ) Nt Pr—1
’YN(nt""_l)_ nt"'l _nt—I—l dr—l.

Then, clearly the desired inequality holds for infinitely many n € W .

This completes proof of Proposition 3.2. O

4 Sign Changes Using the Generalized Euler’s Function

Let r,s € N with » > 2. Throughout this section, we put F' (n) = ¢5(n) and G (n) = n® for
n > 1, where ¢, is the Jordan generalization of Euler’s function. We will study the sign changes of
pros (n) — pr—1n®, where n € W,. At the end of this section, consider the difference o1 (n) — 2'p,
where t > 1 and p is prime.

Theorem 4.1. Let p, and s be as above. There exist infinitely many n € W, such that p,ps (n) > pr_1n°.

— 1
e =1+ 6,, where 6, =

r—1 Pr—1
prime number p,, for which,

Proof. First, we put

. We prove that there exists an unlimited

Pu
pufl

— 1+, (33)
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J
where for some unlimited positive integer w it holds that ¢ < — ~ 0. In fact, in the case where p, is
w

limited, we observe that p,, can be any unlimited prime number. Hence, Pu

o= 1+owithg ~0,

DPu —
1
and sow = ﬁ ~ +00. In the case where p, is unlimited, i.e., d,. is infinitesimal. Here, we let the
1
prime number p,, large enough (for example, p, > p2_;) such that Pu 7= 1+ 1= 1+ ¢,
u DPu —

where ¢ = £ with a € Q7 is appreciable. Thus, ¢ < QL, and hence, Pr-1 ¢ < 9, from which it
Pu prfl a

is immediate that w = 27—

=~ +o0. This proves (33).

Second, let 6, be as above and define the following internal set,
X,={meN: (1+¢)" <1+6,},

where ¢ satisfies (33). We must prove that X, contains an unlimited positive integer m,. We first
show that N is a subset of X,. Indeed, there are only two possibilities to categorize:

Case 1: When p, is limited, that is, ¢, is standard. For every limited positive integer m,
(1+¢)™ = 1+ ¢ for some infinitesimal positive . Thus, it is clear that m € X, since
e < 6.

Case 2: When p, is unlimited, that is, ¢, is infinitesimal. For every limited positive integer m,

m . .

we see that >_ C! ¢'~! ~ 0 because m is limited and ¢ is infinitesimal. On the other
i=2

hand, we get,

m

(1+¢)" =1+ Ch¢'
=1

=1+mp+» Chd'
1=2

=1+ <m+ Zc;,qs“) ¢
=2

<1l4+we

<1+459,.

This proves that N is a subset of X,. Therefore, by Cauchy’s principle there exists an
unlimited positive integer mgsuch that my € X..

Finally, it suffices to prove that there exists a positive integer ng € W, such that
prips (no) > pr_1nf. In fact, if such integer ng exists, then by (8),

Ps (nZO) _ Ps (Tlo) Pr—1
——— = >
T om o

)

and so p,ps (nd) > pr_1 (n}) * for every i > 1. Assume by way of contradiction, that for
alln € W, wehave p,¢, (n) < p,_1n®. Inparticular, forn = p,pu+1 - - - Putmo—1 € Woo
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we get,
pT‘ S nS _ nS 1
Pr—1 SDS (n) ns H (1 _ )
p?
“T1 P’ P
p*—1 p—1
pln pln

w(n) mo
<(m(he) =(G)
pln \p—1 Py — 1
_ 1
— (g < It
r—1

where the last inequality comes from the fact that m¢ € X,. Hence, p, < p,_1 + 1,

which is a contradiction.

This completes the proof of Theorem 4.1.

O

Theorem 4.2. Let r,s € N with r is unlimited and s is limited. Then, p,¢s (n) < pr,_1n® holds for

infinitely many n € W

To prove this theorem, we will make use of the following lemma.

Lemma 4.1. Letr,s € Nwithr > 2. Ifn ¢ A, ,, then mn ¢ A, , for every m > 1.

Proof. Let m,n be two positive integers such that mn € A, ;. Then,

=11

plmn

p—l s(n)

H

Dr—1 p -1

Pr

gos mn)

and therefore n € A, ;.

Proof of Theorem 4.2. Since is unlimited and s is limited, for every limited prime number p

1
pro\®
LTS

(drl) =P

It follows from Cauchy’s principle that (34) holds for some unlimited prime p,,,. That is,

r—1
we see that,

(34)

ey pm7
and so,
DPr — Pr—1 < i
Dr T P
P o .
Or, equlvalently, < o -, which gives p, (p, —1) < proapp, Ley prgs (Pm) < Pro1py, -
- m

Hence, Pm §é AT‘ s bY (10)
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Now, letw € W, be unlimited. By Lemma 4.1, wp,, ¢ A, s. Thatis, p,ps (wpm) < pr—1 (wpm)”.
On the other hand, since p.., p,_1wp., are odd and g (wpy,) is even, we conclude that
Prps (Wpm) # pr—1 (wpm)®. Thus, pr¢s (wWpm) < pr—1 (wWpm)®. This proves that there are infinitely
many n € W, for which p,¢, (n) < p,—1n° and so the result. O

Corollary 4.1. Let s > 1. There are infinitely many r > 2 for which A,_, s contains infinitely many
n € W.

Proof. First of all, we prove that there are infinitely many r» > 2 such that 4, ; C A,_; ;. In fact,
by Theorem 2.3, there are infinitely many good primes. Let p,_; be a prime of this form, where
r > 4. Thatis, p?>_; > p,—ap,. lf n € A, 5, then,

S

n Pr Pr—1

< < .
Ps (n) DPr—1 Pr—2

Therefore, p,_1 ¢s (n) > p,_an®,ie, n € A,_1 sandso A, ;s C A,_1 s . Moreover, by Theorem 4.1,
there are infinitely many n € W, such that n € A, ; since A, ; has at least an element ng € W,
and by (8) we have n € A, , for every i > 1. Thus, there are infinitely many n € W, such that
n € A,_1 . This completes the proof. O

As before, for a positive integer n we put o (n) for the sum of its divisors.

Definition 4.1. A number n is said to be multiply perfect if o (n) = kn for some positive integer k. Here,
n is also called a k-perfect number.

Theorem 4.3 ([20, p. 173]). Ifpis prime, n is p-perfect and p does not divide n, then pn is (p+ 1)-perfect.

Note that it is possible to create higher-order perfect numbers from lower-order, based on The-
orem 4.3. A simple search with Maple, we see that ¢ (459818240) = 3-459818240. Thus, 459818240
is 3-perfect which is not divisible by 3, and by the same theorem, 3 - 459818240 = 1379454720 is
4-perfect, which is true since o (1379454 720) = 4 - 1379454720.

We have the following result.

Theorem 4.4. Let r,s € N with r is unlimited and s is limited. There exists a multiply perfect number N
for which prps (N) < pr_1N°. That is, such multiply perfect N ¢ A, ;.

Proof. Let pbe alimited prime number and let NV be a p-perfect number. We distinguish two cases:

Case 1: If p does not divide N, then from Theorem 4.3, the number pN is (p + 1)-perfect. On
the other hand, from the Prime Number Theorem we see that,

1

Pr—1 S
1 ~
( + drl) +o00,

because r is unlimited and s is limited, from which it is immediate that,

1
(1 + ZT‘1> 5> (35)

r—1

This means that p, (p° — 1) < p,_1 - p®,and sop ¢ A, ;. From Lemma 4.1, pN ¢ A, ;.
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Case 2: If p divides N, then there exists a positive integer a such that NV = pa. Since p ¢ A, , it
follows from Lemma 4.1 thatpa = N ¢ A, ;.

Thus, in both cases, there is a p-perfect number or a (p + 1)-perfect number N such that
N ¢ A, ;. This completes the proof of Theorem 4.4. O

Corollary 4.2. If r is unlimited and s is limited, then p, s (n) — p,—1 n® changes sign for infinitely many
n € We.

Proof. By Theorems 4.1, the inequality p,¢, (n) > p,—1 n® holds for infinitely many n € W, when-
ever r > 2 and s > 1. On the other hand, by Theorem 4.2 the inequality p,¢, (n) < p,—1 n® holds
for infinitely many n € W, whenever r is unlimited and s is limited. O

Let P be the set of all primes, and let [ be a positive integer. We have the following result:

Proposition 4.1. Let r € N with r > 2. Let A be an infinite external subset of positive integers such that
Woo C A, and let f: A — R be a multiplicative function satisfying the following conditions:

o fis strictly increasing on the set P N A.

e Foreachu,v € A,

<1 (36)

(37)

Then there exists a finite set of positive integers {ng,n1, ..., Mm} C Woo such that
o (f (ng) +1) > pr_1my, fori=0,1,...,mwithm ~ +oo.

Before presenting the proof of Proposition 4.1, the following lemma gives an example on the
existence of the above function.

Lemma 4.2. Let A be the subset of positive integers n for which any divisor d of n (d # 1) is unlimited
(ie,if n = g qy? ... q%%, where q1,qq, ..., qs are distinct primes and oy, as, ..., as € N are positive,
then n € Aif and only if g; ~ +oo fori = 0,1,...,s). For every t € N* limited, define the arithmetic

function ¢, : A — R by,
t
@t(n):nH (1—).
p
Then (A, @) satisfies the conditions of Proposition 4.1.

Proof. We prove thislemma as follows. By the way of contradiction assume that A is internal. Since
pn ¢ A for any standard n, we conclude from Cauchy’s principle that p,, ¢ A for some unlimited
integer w. This is a contradiction. Further, by the definition of A we deduce that W, C A.
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Next, ¢, is multiplicative and strictly increasing on the set P N A since ¢; (uv) = @4 (u) ¢ (v)
for any u,v € A with (u,v) = 1and ¢, (p) < ¢ (¢) for any primes p, ¢ € A withp < ¢.

Let u,v € A. Since uv € A, it follows that,

e (B (G

pluv |u
which gives,
pulw) o) _ |
uv u
Let p, g € A be two primes such that p < g. Then,
¢ _ 49 _ p __p
(@) a—t = p—t ¢ (p)

f(p) 7f?q) t<pitqit> =0

This proves the conditions stated in Proposition 4.1. O

Proof of Proposition 4.1. The proof is illustrated as follows. First, we prove that there exists a posi-
tive integer ny € Wy, such that p, (f (no) +1) > p,—1 no. Assuming the contrary, that is, for every
n € Wy we have p, (f (n) +1) < p,_1n. By (36) and (37), there exits p,, € N unlimited prime

such that,
Pm

=1
f(pm) + 4
we < ! ;
Pr—1

for some w ~ +oco and ¢ ~ 0. Define the set,

e () <52 ®

which is internal and containing N?. From Cauchy’s principle, there exists an unlimited integer

ag such that,
( DPm >a0 Pr—1+1
< —
I (pm) Pro1

Now, we set . = DyPm+1 - - - Pmtao—1, thatis, n € W, By the first condition of (37) we obtain,

Pm+i Pm+i+1
f(p7n,+1',) f(p7n+i+1)

, fori=0,1,...,a0 — 2.

Since f is multiplicative, it follows from the induction hypothesis that,

ap—1 ao
Dr n n Pm+i Pm Pr—1 +1
=] el T 39
Pr—1 = fn)+1 = f(n) i—0 [ (Pmti) = (f(pm)> = Pr—1 (39)

Thus, from the first and the last inequality of (39) we get p, < p,—1 + 1, which is absurd.

590



D. Bellaouar and A. Boudaoud Malaysian ]. Math. Sci. 19(2): 571-594(2025) 571 - 594

Finally, let ng = ¢7'¢5? ... q%m™ € Wy such that p, (f (ng) +1) > pr—1no, where ¢1,q2,. .., qm
are prime numbers such that ¢ < ¢2 < ... < ¢, M, 1 =~ +00 and ay, g, ..., oy, are positive

integers. If we put n;, = % (1 <i < m), thenn; € W,,. Moreover, by (36) we get,

f(ni)+1 > J(nigi) +1 S Prot
n; niq; Dr

for 1 <i <m. Thus, p, (f (n;) +1) > pr—1n; for 1 <i < m.
Proposition 4.1 is proved. O

In the following theorem we study the difference ¢(n) — 2° - p ([11]), where n is a composite
unlimited integer, s > 1 is limited and p € P is unlimited.

Recall that Fermat numbers are known by their formula: F;, = 22" 4 1. The numbers Fy, F, F>,
F3 and F; are the only known Fermat primes. Moreover, we do not know whether F,, is prime for
some n > 4.

Theorem 4.5. Let n be one of the natural numbers.

(i) An unlimited composite odd integer which is not divisible by any Fermat primes.

(it) The product of certain Fermat primes and an unlimited composite odd integer which is not divisible
by any Fermat primes.

Then, p(n) is not of the form 2°p, where s € N is limited and p € P is unlimited.

We prove the following lemma:

Lemma 4.3. Let n = wyws, where wy,ws € N are unlimited. Then, p(n) has the same form.

Proof. From the definition of ¢, we can immediately deduce that ¢(n) is unlimited if and only if n
is unlimited. Therefore,

where d = (w1, wsz). We point out two cases:

Case 1: When d is limited. Since ¢ (d)divides ¢(w1), ¢(n) is equal to the product of two unlim-

Lo p(wi)
ited integers: and ¢(w2)d.
BeIs: o (@) N )
Case 2: When d is unlimited. Since ¢ (d)divides ¢(w2), ¢(n) is also equal to the product of two
o p(wa)
unlimited integers: ¢(w;) and d.
The proof is done. O
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Proof of Theorem 4.5. We prove our theorem as follows:

Let n be unlimited such that ¢(n) = 2°p, where s is limited and p is unlimited prime number.
From Lemma 4.3, n cannot be equal to the product of two unlimited positive integers. Thus, we
must have n = ap’ with @ > 2 is limited and p’ is unlimited prime number. We study the two
cases:

Case 1: Assume thatn satisfies (7). Since ¢ (n) = @(ap’) = p(a) (p' — 1) = 2°pand (p, p(a)) =1,
it follows that (p’ — 1) is divisible by p. Thus, there exists ¢ € N such that ¢(a)t = 2°.
That is, ¢(a) is a power of 2. On the other hand, by using the result stated in [13,
Problem 533, p. 72], the integer a must be of the form 2" FyF; . .. F,,, where v > 0 and
F; = 22" 4+ 1 are Fermat primes for j = 0,1,..., m. This means, the integer n is either
even or divisible by some Fermat prime F; with j > 0, contradicting the hypothesis.

Case 2: Assume that n satisfies (if). If n is divisible by an unlimited Fermat prime, then ¢(n) is

equal to the product of two unlimited integers, which is impossible. Therefore,
m

n = HFjb, where b satisfies (i) and (F})
5=0

0<j<m are limited Fermat primes for some

m > 0. Since (HFj, b) = 1, it follows that ¢(n) is of the form 2°p(b). By using the case

§=0
(i), p(b) is not of the form 2°p. Therefore, it is the same for ¢(n). This is a contradiction
as well.

Theorem 4.5 is now completely proved. O

5 Conclusion

The present study deals with Diophantine inequalities using positive integers having suffi-
ciently large number of distinct prime factors. In fact, by using the Prime Number Theorem,
Dirichlet’s Theorem about primes in an arithmetic progression and Bertrand’s theorem, we have
proved in several cases that p, F' (n)—p,—1 G (n) is both positive and negative infinitely often, where
pr denotes the r-th prime number, ' and G are two number-theoretic functions and n» € N has
a sufficiently large number of distinct prime factors. These number-theoretic functions are to be
chosen multiplicative such as the Kernel and the Euler’s function of the positive integer n.

As an application of nonstandard analysis, this work also includes some study using posi-
tive integers having unlimited number of distinct prime factors. More precisely, we have studied
the same expression by using infinite external subsets of W},. Indeed, we showed also that that
prYN(n) — pr_1 YN (n +1) and p,os (n) — pr_1n® change sign on some infinite subsets A C N.

For further research, we propose the following questions:

1. Recall that a powerful number is a positive integer n such that if a prime p divides n, then
p? divides n. We ask if there is an infinite subset A C W), such that for any n € A, one has:

YN (n) > pr_1 N (n+1),  if nis powerful,
PN (n) <pr_1 YN (n+1), otherwise.

2. Does p,¢s (n) — p,—1n® change sign for infinitely many n € W.?
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